1. Introduction. Suppose a topological space 5 is expressed as the union of a family of subspaces Sa, each of which is metrisable; what further conditions will guarantee that 5 is itself metrisable?
The following results are well known; they are due to Nagata and Smirnov [5; 7] .
(A) If 5 is the union of a locally finite system of closed metrisable subspaces Sa, then S is metrisable.
(B) If 5 is a locally countably compact Hausdorff space which is the union of a sequence of separable metrisable spaces Sn (w = l, 2, • • • ), then 5 is metrisable.
Our main object is to extend (B) to deal with nonseparable spaces. This extension is not quite straightforward, even when there are only two subspaces Sa, as is shown by the following simple example (which nullifies many conjectures in this field). Let Si be an uncountable discrete set, S its 1-point compactification by a 1-point set S2; both Si and S2 are metrisable, but their union 5 is not, though it is compact Hausdorff, and moreover Si is open and S2 is closed in 5. We shall therefore assume in what follows that the sets Sa are either all closed, or all open, in S. Besides extending (B) to the case of nonseparable closed subsets, we give an alternative proof of a slightly sharpened form of (A), and obtain some analogues of (A) for open sets Sa, the hypothesis of local finiteness being tightened or relaxed.
Closed sets.
Theorem 1. Let S be a collectionwise normal, locally countably compact space which is the union of a sequence of closed subspaces SH (n = 1, 2, • • • ), each of which is metrisable. Then S is metrisable. S is a 7*1 space, for each point of 5 is closed in some Sn, and so in S. Hence (being normal) S is regular.
Each Sn has a ff-discrete basis of relatively open sets Vn(m, X); here m = 1, 2, • • • , X ranges over some index set, and for fixed w and m the collection { V"(m, X)} is discrete (in S"). Because Sn is closed in S, the collection { Vn(m, X)} is also discrete in S; as 5 is collectionwise normal, a remark of Dowker [3, p. = SnC\Un(m, X), and we may assume Un(m, X)EGn(m, X); furthermore we take Un(m, X), where possible, so that its closure is countably compact. Where this is not possible, we simply omit Vn(m, X)-i.e., we discard the corresponding value of X. Since 5 is locally countably compact, the sets Vn(m, X) which are retained still form (for each n) a basis for Sn-Thus, without loss of generality, we may assume V"(m, X) =Snr^Un(m, X), { Un(m, X)} a discrete collection (for fixed m, n) of countably compact sets.
Keeping mo, n0, Xo, m, n fixed for the moment, we consider those They are open, and form a ff-discrete collection since for fixed ma, no, N they refine the discrete collection { G"0(wo, X)}. We show they form a basis in 5. Given an open neighborhood G of a point p in S, we have pESn^ ior some no-There is an open set U such that pEU and UEG, and there is some basic set F"0(m0, X0) containing p and included in U. It will be enough to prove that, for some N, U"0(mo, Xo) -Xno(m0, X0, N) C G, for this set certainly contains p (since X""(mo, Xo, N) is a union of sets IF(X) none of which meets F"0(w0, X0)). Suppose not; then, for each N, there is a point gw£ G,0(wo, X0) -X"0(w0, X0, N) such that qNEG. As f7"0(m0, X0) is countably compact, the sequence qx has a cluster point r in U"0(mo, Xo). Now rEV"0(mo, X0), as otherwise rEUEG, and some <?# would be in G. Hence, if rESn say, there is some V"(m, \)3r such that V"(m, X)nF"0(w0, Xo)=0. There is
then a corresponding open set IF(X), and we have rEW(\)EF EXn"(mo, Xo, N) whenever A>max (m, n). The neighborhood IF(X) of r must contain points qx ior arbitrarily large N, and then we obtain qNEXno(m0, Xo, N), giving a contradiction. Thus 5 has a <r-discrete basis, and is regular; by the Nagata-Smirnov theorem (see [5; 6] ), A is metrisable.
Corollary
1. If S is collectionwise normal and locally countably compact, and is the union of a a-locally finite system of closed metrisable subspaces, then S is metrisable.
For if 5 = UA(w, X) here, where w=l, 2, • • • , and for fixed w the collection {A(w, X)} is locally finite, we write 5" = U\ S(n, X), a closed set; by (A), S" is metrisable, and by Theorem 1 so is S.
2. If S is a paracompact Hausdorff space which is locally countably compact, and S is the union of a locally countable system of closed metrisable subspaces, then S is metrisable.
For an application of Theorem 1 to a suitable neighborhood of a general point shows that A is locally metrisable; thus S has an open covering by metrisable subsets, and this covering has a locally finite closed refinement, to which (A) applies.
Remark. I do not know if collectionwise normality can be replaced by normality in Theorem 1, but a space given by Dieudonne [2] shows that complete regularity would not be enough. The hypothesis of local countable compactness is not superfluous, as can be seen as follows. If A is obtained from the set R of rational points of the plane by identifying the points on the y-axis to a single point, then S is collectionwise normal because it is the image of R under a closed mapping, and it is the union of a sequence of 1-point sets; but [8, Theorem 1 ] shows that S is not metrisable.
Open sets. We first consider the case in which A is the union of a finite number w of open metrisable
sets; it is, of course, enough to deal with the case n = 2, and, as the results can be stated more neatly in this case, we confine ourselves to it. Then the systems of sets 1l" -1)" (n = l, 2, ■ ■ ■ ), together with the countably many 1-element families { F"m}, { Wn}, form a cr-discrete basis for S, which is therefore metrisable.
Lemma. A necessary and sufficient condition for
The analogous results for unions of infinitely many open metrisable sets Sa seem to be less simple; we give three results of this type. Of course, in view of (A), the metrisability of S = USa is equivalent to the paracompactness (plus normality) of S, or to countable paracompactness and normality when the family {Sa} is countable. in Fn,m+i, and locally finite in Sn and so in S. Now we let n, m, h run over all positive integers; the system UlUmA is easily seen to be ir-locally finite basis for S, which is therefore metrisable.
A similar, but simpler argument, proves: In conclusion, we remark that (A) may be proved by the same method as that used for Theorem 5. The space T is defined in the same way; the mapping/is now closed, and the conclusion is obtained from [4] or [8, Theorem 1 ] . The method gives in fact a slight weakening of the hypotheses; instead of being locally finite, it is enough that 1 Sa} satisfy: (1) for each choice of closed EaESa, i)Ea is closed, (2) {SJ } is point-finite.4 Little is lost if we replace (1) and (2) by the following single simpler condition (3): Each PES has a neighborhood meeting only finitely many sets Sa -(p). (In fact, (3) implies (1) and (2) , and when S is metrisable (or "first countable") (1) implies (3).) Thus condition (3) can replace local finiteness in (A) and in Corollary 1 to Theorem 1, as well as in some other applications.
